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Abstract

We study, discuss and write down in this thesiorefhe methods and experimental results of impiozed
novel learning techniques aimed at providing bedta class quantization by convex optimizatione Tancept
of adaptive metrics, realized by semi-definite pamgming on functions parameterized by distancesdws data
vectors has originally been shown by Weinbergertfljmprove K -nearest neighbour classifier performance.
This idea has been extended to the prototype-basedario, a more robust and intuitive iterativeriéey
algorithm suitable for multi-way classification d&ta instances whose (often dauntingly overlappihggters are
regarded as voronoi tessellations in spaces ofhidimensions. In our supervised learning schetaeement of
the reference data vectors within some definedusdi the space of training patterns of respeatiatching
labels, and the displacement of differently lalzklprototypes far away from the stimuli aim at optimg the
combined transformations with the overall goaledlizing classifiers with better limiting perform@mbehaviour.
Analogous to margin maximization learning concejstssupport vector machines, the training heurigsic
modelled as a constrained optimization problem liviimg penalty and barrier functions in the contektnon-
linear programming.

Keywords: learning vector quantization, relevance learngagni-definite programming

1 Introduction

There exist several techniques for discriminatiegtires and patterns in data. Stand#rehearest neighbour
classification algorithm is a memory-based (laagrher commonly employed in data clustering, esfigdn the

face of restricted knowledge of the data that needs classified. Given an unseen data instake®IN classifier
assigns the instance a label of the majority ofkimearest neighbouring data points. How to deteentine value of

Kk, and the choice of the measure of similarity @& thata points are some of the setbacks of the atarld-NN.
Several better variants of classifiers have beepgsed, developed, implemented and deployed imwsidomains.
The advances in this research area are largelywatetl by the explosion of data in the industry attter research
areas, for example, in life sciences (‘omics’ sces) e.g., proteomics, metabolomics and transenigg),
astronomy, machine vision, military, etc. Newer migdof learning algorithms have to factor in theggaamounts
and the high dimensionality of the data that uguatimes in multi-way categories. Real-world dataifdelligent
system applications could also be obtained fronwvoids of video cameras, mobile robots, mobile plaifs, video
and handwritten text archives or stocks of stittpies to learn its pictorial content and situateovareness.

A reader should then realize that machine leartéoipniques can be, as is often the case, effegtagpblied in
various domains including, but not limited to, bietmics (finger prints recognition, speech recognitiface and pose
recognition, verification and retrieval), diagnassiystems such as those employed in automatic aledilmgnosis
(using X-Ray and EKG analysis) and machine diago®gdetection of flaw in technical systems). Meoeeent
interesting applications include human emotion gadtion (estimation of human expression of emotidn)the
military, examples of applications of feature eléisation and recognition techniques are automéaseget
recognition, image segmentation and analysis (r&tiog from aerial or satelite photographs). Ogdticharacter
recognition (OCR), natural language processing axagthine transliteration are other areas that ampimg the
benefits of the advances in field of machine leagni for example, automatic script (handwritinggagnition [31]
means that postal letters can automatically beedolty postal code, stylus-to-digitizer (PDA) inptan be
interpreted intelligently, reading machines fondlipeople can be constructed, etc. In digital $sgcand other (tele-



) communication systems, even simple learningriegles such as Naive Bayes classifiers have beanrsko
work fairly well in detection of adversary attacks, application commonly referred to as intrusietedtion.

The main concern in research in classifier netvamkstruction, however, is the limiting performarjgeneralization
ability) of the resulting systems. The classifioatiand recognition systems should be relativelyp&nand robust.
This partly explains the motivation behind the matiempts to improve the behaviour of the existingchine
learning algorithms. Given this background, wetdbtgrreviewing an extension d€ -NN posed by Weinberger [1],
calledlarge margin nearest neighbo(tMNN) classification, where an enhanced distance metijimade) adaptive
in the course of classifier training. We have cimosestudy and suggest an extension of the conesppdoyed in

LMNN to more robust filters because of the strikimgprovement it yields on the (simple) standd¢dNN and

because of its superiority over other methods. fEeanique ofk -NN metric adaptation, proposed by Weinberger
[1], bears some similarity with previous works pibd®/ other researchers. Ximg al. [11] employed semi-definite
programming to learn Mahalanobis distance metriccfastering. The algorithm aims at minimizing them of
squared distances between similarly labelled imgaitern vectors, while maintaining a lower boundlaimelled
inputs. LMNN classification is based on a similppebach except that it focuses on the local neighimod fork -

NN classification. Another variant of the algorithproposed by Shalev-Shwarét al. [15], adopts a training
strategy with the goal that all inputs with matchiabels have small pair-wise distances (boundewedb while
differently labelled inputs have large pair-wisstdnces (bounded below). The difference betweemtbehreshold

values defines the margin width. An adaptive distalpased ok -NN was also proposed by Goldbergal.[5], and
it was based on neighbourhood component analysBAJNThe algorithm uses gradient descent to minéntlze
probability error under stochastic neighbourhoosigimsments. The method differs from LMNN in that tla¢ter
approach leads to formulation of a convex optinidzafunction. A recent framework, proposed by Clzogtral [4],
provides a technique for learning distance metnc pgarameterization (of the metric) by pairs of itiesd
convolution nets. Like in LMNN, the cost functiorenmrlizes large distances between input vectors mvitching
labels and small distances between data vectore wismatching labels. LMNN, however, learns linear
transformation (and not the convolution nets).

The basic ideas behind LMNN algorithm and the thieafr the resulting optimization problem are desedhin
Chapter 2 of this report. Bearing in mind that éhexist algorithms better suited for multi-clas®lpems in
potentially high-dimensional space, we explore #meat, in the same section, a more advanced ppsdtgsed
learning algorithm due to Kohonen [19] (called Lréag Vector Quantization). Inspired by the succassfetric
adaptation techniques employed in LMNN, we intraduglevance learning in LVQs by semi-definite peogming,
and provide a thorough description of this extemsioChapter 3. In Chapter 4 of this document,dbscriptions of
the simulations and experimental results obtainedgdplying the above algorithms on data set from ké@ository
are given. The image segmentation data set is afsed as a benchmark for multi-way classificatioobfems.
Qualitative comparative studies of the algorithmhdoagour are also discussed. Finally, Chapter 5Suthet a
discussion and summary of the study.

2 Model

In this chapter, we define the basic terminologied concepts that will form the basis of the moéel formal
reasons, we start by adopting some symbols for istemsly denoting the data and representation sf it
characteristics. We will then describe the notiang techniques employed in building up the learrlgprithm.

With the data vectors as the key parameters, weshdw how the technique of relevance learninifNN is cast
as in instance of semi-definite programming, legdim an optimization problem whose optimal solutisrused to

derive an appropriate distance metric that optisithe k -NN classification.

2.1 Notation
Let {(x",5 )}, denote a training set bf labelled examples with the stimulug”l A™ands | A . The labels

are crisp, that is,5;are discrete but may be of multiple categories,gémeral. We use the binary matrix
sijT {01} to indicate whether or not the Iabelsiandsj, corresponding to the class memberships of the

stimuli X, andXJ- , respectively, match. That is,.

=1 if S =5 ;, otherwises ;= 0.



The squared distance between any two data paintsnd X; is given as:
d(Xi’Xj) = L(x- Xj)||2,
where L is the linear transformatioA™ ® AN that we wish to learn. The specific goal is tortethe linear

transformationL that optimizes thek -NN classification when distances are measuredahis

2.2 Basic concepts and terminologies
For the K-NN classification scheme, we specify, for eachuinpector, X;, K target neighboursij.e., K other

inputs with the same class lab&| that we wish to have minimal distanceXp as the data points change positions
in the instance space during learning. In the atesef full knowledge of (the distribution of) thederlying data,
the standard Euclidean distance is used to deterkimearest neighbouring data points with class latelching

that of X; , which are then used as tle target neighbours. For formality, we use the bimaatrix tijT {01} to

indicate whether the input pattern vectoy is a target neighbour of data veckor, that is,l‘ij= 1if vector X; is a
target neighbour of data vecior, otherwisé i~ 0. l‘ij is not adaptive, meaning tha;j is fixed throughout the

learning course.

2.3 Cost function
The formulation of the cost function follows froimet heuristic idea that as learning progressegsatiget neighbours

for a given pattern vectok; move closer tax;, while other input vectors with class memberstdggering from

S, are separated farther by a large margin. In teriiseodistances between the specified data vedtvesiunction
is:

e(l—): [ij”L(Xi_Xj)”2+C [ij(l'sil)[l"'”I—(Xi'Xj)Hz'”I—(Xi'X|)||2]+

To understand clearly the learning dynamics thak gise to the above cost function, consider tH&wang
illustration (Fig. 1):

Fig. 1 Left: For a current example
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optimization of the cost function].
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Fig. 2. As captured in the equation/cost function, theahitoss is incurred only by differently labellechexples that invade each others’ local
neighbourhood. In this illustratiomI has a different label from that of tharrent stimulus(i .

Note that the product?||L(x;- Xj)||2vanishes for X;and X, that have mismatching labels (since
£;=0whens!s ). As illustrated in figure 1 for each stimuluscterx;, the first term of the cost function
penalizes large distances betweeX,and its target neighbomj . In the second term, the factor
[+ 11 L= XIP - 1LGx- x0)1P], = max(@+ [[L(x- x))IP - [1LGs- X)IF] , 0). The entire second term

of the objective function aims at penalizing snaidtances between each input vector and all otfprt$ that do not
share the same label. The pre-factbrjil- S iI) ensure that, for a given stimulus vectgr only non-target stimuli

X, with mismatching class labels are displaced fartaway fromx;. Particularly, the second pre-factor
(L- s,) equals zero whess ; =1, so that the non-target instances with sames cfesnbership a; incur no hinge
loss. Note, however, that, in this casq,is one of X; 's target neighbours with maximum separation fr&m The

hinge loss is incurred by, whose distances do not exceed the distance fprto X; by an absolute unit. These

three special data points are depicted in the éi@ur
To visualize the idea that has been formalized theosecond term of the cost function, let's derth& distance

from x; tox; by d_, and that fromx; to X; by d, . Part of our goal is to realize a large marginlif<d ,+1 (or
1+d,-d_>0). we takemax(@z=1+d,-d_, 0), disallowing negative values of. (A negative value of
Z implies that darge enoughmargin already exists).

2.3 Analogy with Support Vector Machines

The cost function introduced in the previous sultisa bears some similarity with that in the quaidraptimization

problem of SVM. To illustrate this parallelism, ider, for simplicity, the simplest variant of SVéélled Linear
SVM (LSVM), illustrated in Fig. 3.

Support vectors
x k Kk \RF x weba
wx+b=0 (SVM classifier boundary
* wx+b=-1
* e
*
* ok %
°
margin width:i\
o 4~ ° o =1
@
o ® * =+1

Fig. 3. lllustration of the parallels of SVM and the langargin nearest neighbour
classification scheme. Both approaches reducertouiations of convex objective
functions based on hinge loss, with the sole aimafgin maximization. Note that
in the illustration of the Linear SVM given aboweaximum margin width is realized
when Wis at its minimum.



It can be shown that the optimization criterion is:

P
Minimize 1W.W+C dp
2 ool

wherepis the number of data points arldl = is the width of classifier (maximum) margin. Inigh

2
vV W.W
simplified illustration, each data point is repnetsel as(xp,yp) where Yy = - /+1. [We omit the constraints of

optimization for they are not relevant for thisudtrative discussion]. Observe that in both SVM #mel function
introduced in the previous sub-section, one termafiees the norm of “parameter vector” (i.e, theghie vector of
the maximum margin hyperplane, or the linear tramsétion in the distance metric), while the othent incurs the
hinge loss for examples that violate the conditbanit margin.

What the reader should note at this point is thpoitant difference between the&rge margin nearest neighbour
classificationapproach and SVM: the latter approach requirespnéation of additional non-trivial techniques (g.g
combining binary classifiers) in order to constractmulti-way classifier, unlike the former that végs no
modification.

The use of maximum margin in SVM was originally mated by the little but important facts that maxim margin
intuitively feels safest — if we have made a sneator in the location of the boundary (it's beeitdd in its
perpendicular direction), that maximum margin giwssleast chance of causing a misclassificatiomrdiis some
theory (using VC dimension) that is related to (bot the same as) the proposition that this is adgining.
Empirically, the maximum margin classifiers workyevell.

2.4 Semi-definite programming

We are compelled to reformulate the problem of miming the cost function given above so as to enafficient

computation of the resulting optimization proble®pecifically, the problem can be rewritten as atance of semi-
definite program (SDP). A semi-definite programaidinear program with the additional constrainttthamatrix

whose elements are linear in the unknown variaklesquired to be positive semi-definite. The glab@&imum of

convex SDPs can be computed efficiently when tlogigam is reformulated by first rewriting the distarfunction

as:

d(x.x)) = (x- X )" M (x;- x))

whereM =L"L, parameterizes the distance metric induced byinkar transformatiorl . Since the first term of
the cost function is already linearlid = LTL, and the hinge loss can be “mimicked” by introdigcslack variable

/(”- for all the pairs of differently labelled inputfetresulting SDP, in terms of M, is:
Minimize — #;(x- X)"M(x-x)+C - sk
ij 1
subject to:
(1) (Xi' X|)T M (Xi' X|) - (Xi' Xj)T M (Xi' Xj) 31- kijl
@ kijI3 0

3 M20



The last constrainM 2 Qindicates that the matriM is required to be positive semi-definite, and isctébes the
coefficients of the quadratic terms. By havig® O, we want to guarantee that the convex functionzhgiobal

minimum. Our problem, thus, is to compute the valoEM = L" L under the assumption that the above problem

has a global minimum. The task reduces to solutioa linear program witdVl and &, as the decision variables.

il
[Recall that M is an (n X n) matrix, where Ndefines the dimensionality of the data. A data @ectX;is

represented as a column vector of dimensfori. The transformationL is also an(n X N) matrix of adaptive
weights that scales the Euclidean distance metraccordance with the defined criterion of releval@arning.

There exist several (and relatively more efficientgthods for solving the above SDP. In order to g
understanding of the plausible solution methods,nveke a recap of the basic concepts and theorypwflinear
programming. We begin by explaining the theory hdha linearly constrained optimization problem wgtradratic
objective function. This class of optimization pierns is referred to as quadratic programs (QPs)h@Pmany
applications. For this reason, QP is often viewedaiscipline in and of itself. Moreover, it forrtise basis of
several general non-linear programming algorithfie general quadratic program can be written as:

Minimize f(x) =cx+ % X" Qx

subject to:
AXEb andx3 0

where Cis an N-dimensional row vector describing the coefficieotshe linear terms in the objective function and
Qis an (n x n) symmetric matrix describing coefficients of theadratic terms. If a constant term exists, it is
dropped from the model. The decision variables deroted by the Nn-dimensional column vectoX and the

constraints are defined by afmxn) A matrix, and aim-dimensional column vectob of right-hand

coefficients. It is assumed that a feasible soluggrists and that the constraint region is boun@éaen the objective
function f (X) is strictly convex for all the feasible points, th@blem has a unique local minimum which is also a

global minimum. A sufficient condition to guarantstict convexity is forQto be positive definite. Formally,

f (X) has a global minimum if it satisfies the Karush-Keifucker (KKT) conditions for a local minimum. KKT
conditions for QP, in general, are a set lineairadities andcomplementarity constraintor complementary
slackness). However, i€Qis not positive definite, then KKT constraints amely necessary (and not sufficient)

conditions.

In semi-definite programming (SDP), one minimizedireear function subject to the constraint that affine
combination of symmetric matrices is positive seiinite. Such a constraint is nonlinear and nowedim, but
convex, so semi-definite programs are convex optition problems. The (linear) SDP is essentiallyoedinary
linear program where the non-negativity constrameplaced by a semidefinite constraint on mateaxables. The
standard form for the primal problem is

Minimize c¢x

subject to:

AXED
x30

where C, A and X are all synmetridl” Nmatrices,bis a scalar, and the constraix® 0 means thatX, the
unknown matrix, must lie in the closed, convex cohgositive semidefinite. Heregx refers to the standard inner



product on the space of symmetric matrides.for symmetric matrice#\ and B, AB =trace(AB) . The dual
version of the problem is

Maximize b'y subjectto y,A+Z=C; Z30

k=1

where the dual variablg is an mdimensional vector of Lagrange multipliers corsging to the equality
constraints in the primal, arglis a symmetric " N dual slack matrix. SDP reduces to LP when allrtizrices
are diagonal. SDP (indeed, LP too) is a specidiairce of a more general problem class cattedic linear
programs where one seeks to minimize a linear objectivetion subject to linear constraints ancoae constraint
Both the semi-definite cone (for SDP) and the negative orthant (for LP) are homogeneous, self-doales -
there are only 5 such non-isomorphic categoriesoaks. Another example of a homogeneous, selfahra is the
quadratic coneQ, in n+1 dimensions defined by
n
Q= (XO,Xl,...,Xn)T A (x0)23 x 2
i=1

which gives rise to quadratically constrained peofs. One of the main aspects in which SDP diffiensfLP is that
the non-negative orthant is a polyhedral cone, edethe semidefinite cone is not. Thus, developingplex type
algorithms for SDP is a topic of current reseatdbwever, it is fairly straightforward to design pobmial time
primal-dual interior-point algorithms for these plems. Semi-definite programming unifies severandard
problems (e.g., linear and quadratic programmirg) finds many applications in engineering and cowaturial
optimization.
Although semi-definite programs are much more garthan linear programs, they are not much hatalesolve.
Most interior-point methods for linear programmingve been generalized to semi-definite progranteritm-point
algorithms come in two flavours, namepgtential reductionandpath-following Further, an interior-point method
can be primal only, dual only, or primal-dual. Palrdual path-following algorithms are popular ance a
implemented in many currently available codes. Athw.P, primal-dual algorithms solve SDP by solvitige
Karush-Kuhn-Tucker (KKT) system:

Ax=b, (k=1...m)
YiAtZ=c
k=1

xZ=0

while simultaneously ensuring that the iteratésand Z are symmetric and strictly positive definite. Thaestl
equation is theomplementarity conditiofor SDP. Primal-dual algorithms use Newton's méttasolve a relaxed
version of this system.

As in linear programming, these methods have pahinbworst-case complexity, and perform very welpractice.
It is now generally accepted that interior-pointthoels for LPs are competitive with the simplex noettand even
faster for problems with more than 10,000 varialdesconstraints [20]. Similarly, experience withstsgm and
control applications suggests that interior-poirgtinods for semi-definite programs are competitivih vother
methods for small problems, and substantially faflsiemedium and large-scale problems [9]. As a/veugh rule-
of-thumb, interior-point methods solve semi-defngrograms in about 5-50 iterations; each iteragobasically a
least-squares problem of the same size as thenakigioblem. A worst-case analysis of interior-paimethods for
semi-definite programming shows that the effortiesf to solve a semi-definite program to a giveousacy grows
no faster than a polynomial of the problem size.siMiaf the computational effort in an interior-pomethod for
semi-definite programming is in the least-squareblems that must be solved at each iteration. & hesst-squares
problems can be solved by iterative methods sucboagugate-gradients, which can take advantageraiflem
structure. Sparsity is one well-known example dicture; in engineering applications, many otheetyarise (e.g.,
Toeplitz structure).



In summary, semi-definite programs are an importdass of convex optimization problems for whicladiy
computable self-concordant barrier functions arevwkm and, therefore, interior-point methods areliapple. At the
same time, they offer a simple conceptual frameveortt make possible a self-contained treatmenttefior-point
methods for many convex optimization problems. femretical tractability of SDPs follows from comity, along
with the observation that we can construct, in potyial time, a cutting plane for the constraint ebugh any
given infeasible point (see, e.g., [21], or [22Dne can therefore apply the ellipsoid method of iMuand
Nemirovsky, and Shor (see [23, 24]) to solve SDé&bjam in polynomial time. In practice, however, #lépsoid
method is slow. Some general methods for non-difféable convex optimization are described by Si2&i,
Kiwiel [26], and Hiriart-Urruty and Lemarechal [27]There are good reasons for preferring semi-defini
programming (to other methods.) First, positive iséefinite (or definite) constraints arise directtya number of
important applications. Secondly, many convex oation problems, e.g., linear programming and Yeo)
guadratically constrained quadratic programmingn d& cast as semi-definite programs, so semi-defini
programming offers a unified way to study the prtipe of and derive algorithms for a wide variefyconvex
optimization problems. Most importantly, howevegjrs-definite programs can be solved very efficigntoth in
theory and in practice. These methods are moreigifi in practice than the ellipsoid method, and be used to
solve semi-definite programs.)

For this study, we implemented the SDP solver bdifgimg some of the existing sets of solver progsmppets. A
few interesting things about the implementatiothef SDP solver include the exploitation of the sparature of the

matrix of slack variables. The sparsity{éfij} is due to the fact the labelled inputs are alreadyl separated.
(Recall that the cumulative hinge loss, represebiethe second term in the objective function,fieded only by
differently labelled inputs that violate the comalit of minimum (unit) distance from the invaded dbc

neighbourhood). For this reason, our SDP will oftentain only a few active constraints. The SDRitsah method
that we adapted was implemented by Weinbeegexl. based on a combination of sub-gradient descebotin the

matrices L andM . The Hessian matrisM was used to verify we had reached the global minimiRefinement of

the SDP solution involved iterative projection uggdaof M back onto the semi-definite cone in the successive
steps. It can be proved [8] that such an updataltéanating projection leads to faster convergesfaie algorithm
than generic solvers. It might be worth mentioniogome interested reader that the speed of thessl¥er could

be heightened by starting with an SDP solution fremy a fraction of the margin conditions, and thesing the
resulting solution as the initial guesses of the@cSDP [1].

3 Extension to Learning Vector Quantization

3.1 LVQs and Key Parameters

Extensive research is being carried out on LVQd,s®veral remarkable improvements have been matieedrasic
algorithm. In this introductory section, we revjdior the sake of completeness, the basic notiomslhved in the
formulation of LVQs. The basic LVQ algorithm asswamé¢hat an apriori known set of the reference

vectorsW ={w,|i =12,...,c} , that approximates the different clusters of tagagis available (or initialized). A
set of labelled sample® ={x;|i = 12,...,P} is used for further refinement\d . At each iteration, indexed by
the W, are updated byD by using the following strategy:

1. For each elemep\tii D, find W, that is closest tox; . Denote this vector byv*
2.Updatew* (t) to form w* (t +1) by using¥;, as follows:

w* (t+1) = w* (t) +4(t)[x- w (1]
(a) IF x; is correctly classified, that is, it is labelledtivthe class corresponding W™

THEN continue with the next elementDf,

ELSE (X, is incorrectly classified), so upda®* (t) as follows:



W (t+1) = w* (t) - A(t)[x- w* (1)]
(b) W, (t +1) = w(t)for it *

After sufficient iterations (training), the learn@dototypes are used in the nearest prototype ifitag®n (in so-
called winner-takes-all scheme). What this meanshian case of pattern recognition, is that, givenuaseen

patternx,.,, we want to predict the correspondilsgnevj {12,...,¢} .In other words, we choos§ ., such that
{x

new’

newS nev} is in some sense similar to the training examjmie® (now approximated by the adapted prototypes

An appropriate similarity measue in A" , possibly parameterized, is used. (The metricrpatars which can be
adapted during training are specified/by. In terms of thedf, classification of a novel data point ., reduces to
the problem of mapping Xnevj RVto the class labels (x) = S(w,)of the prototype i for which

d’(w,x) <df(Wj ,X) holds for every| 1 i, breaking ties arbitrarily. That isx,
closest prototype, the so-called winner.
We discuss briefly the key issues of the algorithresented above. The terf(t) is an iteration-dependent

new 1S Mapped to the class of the

parameter used to control convergence. For stalfdi€ /(t) <1, and the value off1(t) may be constant
throughout the learning course, or the step simetfon may be constrained to decrease monotonieailty t . Using
this strategy, correct classifications (or quartiizg lead to a refinement ofv; in a direction toward , whereas

incorrect quantization moves/, in the opposite direction. Th&; not close tow, are not changed.

Often, it is assumed that the non-empty trainirtg[Secontains examples for all the classes of the ingshat will
(in the future) be encountered by the learned iiessr predictor. The number of classes is thereftaken to be the
number of distinct labels in the training set, d@ng usually simpler to think of th&€ clusters as indexed from 1
throughC. Earlier, we stated that the codebook vectorsaaseimed to be known apriori. Several strategieg hav
been devised to overcome the challenge of gengrititial prototypes. A simpler but rudimentary apach is to set
an initial prototype for a given class to be a Bngxample for the class in question, drawn rangofmdm the
instance space. Alternatively, the centroid of saveandom (shuffled) instances for the class iresgon is
computed and used as the initial prototype for tlass. The advantage of the latter method is ttatinitial
prototypes are placed in positions that are alredalse to the desired final positions in the ingpé&ce. Good initial
placement of prototypes in the stimulus space merisve don't need to use large steps for theopypés to reach
their respective final positions. Large step siazald mean that the prototype moves past (i.e. tegyshe solution
or too far away in the wrong direction. In contragry small steps may go in the correct directiout, they also
require a large number of iterations. This may bes@ered a stability/convergence dilemma in LVQEssifier
sensitivity to initial prototype values is also rintzed.

Another important problem is the order in which ttening data instances are presented to thedeanrthis online
supervised learning scheme. It may be a clevetegfyato employ an entropy-related technique, st titz@ning
examples that carry relative larger amount of patteformation are associated with larger stepssize the case of
adaptive learning rate functions). Many other vasancluding LVQ +/-, GRLVQ, among others, all bdson this
basic LVQ1 (originally posed by Kohonen) have bseggested, with the goal of heightening the peréoe.

3.2 LVQ distance metric adaptation via quadratic pogramming
Recall from sub-section 3.1 that the general LV@aip function is:

W (t+D) =w (t)+Dw (t+1)

h . .
N QW (0, 1 xS )X w (D)
Our goal in this study is to replace the neighbouathfunction f by an adaptive distance measure, by plugging in

the transformation-based distance function. Theevalf the distance is computed as in the cadargé margin
nearest neighbour classification (discussed in iBacR. Our extension to LVQ ensures that an appropriate

where Dw " (t +1) =



transformation, linear as in the primitive casedésermined and used to compute distance by whietptototypes
are displaced. For an input pattern, the tramsiatif the winning prototype in the codebook veapace should
optimize the objective function given in Sectiod.2However, a little modification is made in LVQsstead of

using any other input patteki, we determine the nearest prototype with matchatels, and compute the
displacement as given below:

Minimize  f,(x-W, )" M(x-w)+C ¢,(1-5 )k,
i i
subject to:
@ - x)"M(xi- x) - (x:- W?)T M (x;- WJ) 31-ky
() kijl3 0
@ M30

where.x; is the presented input pattern avxi;] is the winning prototype at a given time step.

In the figure below,W,, and W, are class 1 and class 2 prototypes, respectivedje that the attraction of the

prototypes towards the training patterns with séabels (and the resultant repulsion by prototypesismatching
labels) must be done accordance with the distati@ptation criterion described above.

Fig. 4 Competitive learning: An LVQ network consists of a number of
prototypes which are characterized by their locatiothe weight space

WiT AN and their class labes (w;) ={12,...c} . Unlike in LMNN,
the condition of unit margin is trivial in LVQ.

3.4 Parallels with Generalized Matrix LVQ
To take care of the correlations among the patiestures, GMLVQ [2] realizes an arbitrary Euclideaetric by

parameterizing the (squared) Euclidean distancetiam with an N~ N matrix (of relevances) resulting in a
generalized distance of the form:
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d"(w,x) = ) (- W )W W (x - wj)

ijk

This form of metric adaptation has been shown twmuauwt for correlations of dimensions and rotatibthe axes.
In the case of GMLVQ learning, the update equatfonshe correct winner, wrong winner and the ralese matrix,

respectively, are (1), (2) and (3) below?i¢ the learning rate and the subscriptsnspecify components of
vectors).

Dw, = A (X)) (X) WW(x - w, ) (1)
Dw, = - A.F (1)1 () WW(x - W, ) )

i (X). [WOx - wy )] (x - W) H WX W )] (X W )

DW, = - A.f (mx)). (3)

- OO WO - W )], O - Wy )+ WK W), (X W )

In the update rules given above, (note that) theedt correct prototype is attracted towards tkegmted data point
whereas the closest wrong prototype is repelleth ftbe considered data point. This is analogoush¢oHebbian
update (similar to that of perceptron learning eural networks). Details of the derivations canfawend in the
appendix section of this report.

3.3 Implementation Strategies and Tricks
Like it was explained in section 2, our implemeiatatof the SDP solver was carried out by modificatof some of
the existing sets of solver program snippets. Tdtees exploited the sparse nature of the matrislatk variables.

The sparsity o{f/(ij} is due to the fact the labelled inputs are alreadll separated. (Recall that the cumulative

hinge loss, represented by the second term in bfective function, is affected only by differentigbelled inputs
that violate the condition of minimum (unit) distanfrom the invaded local neighbourhood). For tleigson, our
SDP will often contain only a few active constrainthe SDP solution method was based on a combinafisub-
gradient descent in both the matricksandM . The Hessian matridM was used to verify we had reached the
global minimum. Refinement of the SDP solution ilveal iterative projection updates &l back onto the semi-
definite cone in the successive steps. It can beear [8] that such an update via alternating pt@edeads to faster
convergence of the algorithm than generic solMénsiight be worth mentioning to some interesteddegahat the
speed of the SDP solver could be heightened btirgjavith an SDP solution from only a fraction dfet margin
conditions, and then using the resulting solutierttee initial guesses of the actual SDP [1]. FoiQsY the ideal
strategy is to solve the SDP after each prototypsate step. This is what we have done in our sexpériments
since our data is rather small and low in dimergdion In practice, however, the tasks are (vemginputationally
expensive. One could think of changing the metriky o after a fixed number of steps. Or, alterrelify for a given
metric, let the prototypes converge by LVQ and tbentinue the training with metric adaptation.

4 Experiments and Results

In order to evaluate the performance of the algor#, experiments were carried out using labelldd davarious
categories. We used the image segmentation datatfie UCI repository and the face recognition dedan the
AT&T face recognition database. The measure ofgperénce of the classifiers is the test error. Ia fection, we
describe the methods and strategies employed &r ¢odobtain the results. Other behaviour of therf that turned
out to be of interest to us were also investigatedi the results given in this section.

4.1 Experiments using Image Segmentation Data
We apply the algorithms to the image segmentatiata det obtained from the UCI repository [18]. Tada set
contains 19-dimensional feature vectors, which dacdifferent attributes of 3x3 pixel regions exteac from
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outdoor images. That is, the instances were drawn randomly fromatalthse of 7 outdoor images. The images
were hand-segmented to create a classificatioaviery pixel where each instance is a 3x3 regioachEsuch region

is assigned to one of seven classes (brick-facg, fekage, cement, window, path, grass). The fes3-5 are
(nearly) constant and are eliminated for this eixpent. As a further pre-processing step, the festare normalized

to zero mean and unit variance. The training sesists of 210 data points (30 samples per claks)tdst set
contains 300 data points per class.

Our experiments mainly aim at evaluating the gdizatgon ability of the new LVQ algorithm in compson with

the performance of the most commonly used classifia the following sub-sections, we describe ¢hesults with
the aid of display of plots and table of resultapag others.

1. The influence of Kon K-nearest neighbour classification (version ofk -NN used is LMNN with
metric adaptation)

Although K -NN has often been used as a default data clugteedhnique in the absence of ‘good’ knowledge

of the underlying distribution of the data, it'stis&ck remains the choice of the value kof the number of
nearest neighbours to use for classification ofensdata. In our experiments, we employ the sarue &

K for training the adaptive filter and also for clifisation of new instances. Thk -value is estimated from the
following plot.

The influence of the choice of K on (adaptive) K-NN classification

40 T i i i
Training error (Euclidean)
ol —— Generalization error(Euclidean) i
== Training error (Mahalanobis)
————— Generalization error(Mahalanobis)
30 B
25 l ‘ ‘ " "\ ‘ B
5 f }
* H I
J va
1504 . § | dddla . Al Al [aanl ity 1
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\ ] ,'l ] l
|
oKW d i} H If' i} | N
AN N ! 4
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Fig. 5. It remains an un-answered question what valuk ofo use in the
K -nearest neighbouand K -meansclassification. For our experiments,

we try to determine from the pldts K -value that minimizes both training
and test error for the given setaining/test data. We choose the k value
arbitrarily, however. From the twofdient distance metrics, we observe
that Mahalanobis distance yields loalassification error (on both training
and test data)

2. Performance of k -NN, adaptive K -NN (LMNN), LVQ and adaptive LVQfilters on seven-class image
segmentation data
In the next set of experiments, we investigatepdormance of different classifiers on image segaigon data.
For the standard and adaptikeNN, the value ofk used is 5 (chosen almost randomly, see 1 aboveXhEd.VQ
classifiers, each of the seven classes is approedrizy 3 prototypes. Metric adaptation begins fepoch 1 during
the training of LVQ. To initialize prototypes, tladgorithm uses for every prototype the mean ofraloan selection
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of 10 training examples from their class. (A higimeimber of prototype samples used for this purposans less
variance in initial prototype positions and thetptgpes are closer to the mean of the data of golass). The
number of times the training set is offered to thassifier (epochs) is 7500. The learning ratereses with

increasing epoch (chosen differently for prototymesd metric parameters are annealed during ti@idinnealing is
performed according to the following learning ratdedule:

At) = h, or/ >/ )
[L+b(/ -/ ,)]

wheret is a variable standing for the number of trainggps,/ is the total number of training steds=speed at
which the learning rate decays (higher = fasf€hke initial learning rate‘?owas set to 0.001, and the amount of

epochs,/ o » to wait before decreasing the learning rate seisto 20. Early stopping criterion was used, bet t

number of training cycles used, determined thropgdliiminary investigation, was large enough to agjpnate

constant training error for successive iteratiomsray the stopping cycles. The results for LVQ averaged over ten
runs in order to reduce the influence of randonetilations (as a result of varying prototype inidations). The

mean classification accuracies for the classitieessummarized in the table below [Fig. 5].

Algorithm Training error Validation error
k -NN - 23.50
adaptivek -NN (LMNN) 14.00 15.95
LvVQ 1 15.00 17.00
adaptive LVQ 1 11.00 11.80

Fig 5: Performance of standard k -NN, adaptive K -NN (LMNN), LVQ and adaptive LVQ

Report of the results of earlier experiments byep#uthors [19] indicates an achievement of 93.86@tiracy on the test set

[citing only one SVM result available in the littwee]. Locally adapted metrics for GMLVQ[2] had #&red a test accuracy of
94.4%,. The results were obtained after 7500 epdtlocal adaptation of metric means that individeevance matrices are

trained per prototype). This adjustment registene approximate 4.9% improvement over the GMLV@Q BBRLVQ. The

authors suggest that a slightly better performazmeéd be obtained by an appropriate early stopgitigeme using an evaluation.
Careful selection of the set of parameter valueddcalso lead to improvement in the classification.

3. Percentage of incorrectly classified patterns fothe image segmentation data using (other) differg LVQ
algorithms.

Previous experimental investigation [2] on the saakof data had yielded the following results thoe selected
LVQ variants (Fig. 6). According to the literatutbe training error during LGMLVQ-training remainenstant after
approximately 7500 sweeps through the training ldetvever, due to overfitting effects, the test emeaches a
minimum after approximately 6000 epochs and in@gagdightly in the further course of training. Rarification
purposes, we investigated the evolution of the niesining and test error and came up with the tesnlFig. 7.

Algorithm Training error Validation error
Generalized LVQGLVQ) 15.2 16.8
Generalized Relevance LV@GRLVQ) 11.1 11.2
Generalized Matrix LVQGMLVQ ) 8.9 9.8
Localized Generalized Relevance LM@RLVQ ) 8.6 10.0
Localized Generalized Matrix LVQGMLVQ ) 0.9 5.6

Fig 6: Classification error for other enhanced LVQ vatsan

The table above summarises the percentage valuesaofectly classified patterns for the image segtation data using other LVQ
algorithms reported in the reports of earlier resteavorks [2]. Take note of the relatively goodfpemance of our adaptive LVQ
algorithm (Fig. 5), that is, the algorithms basedadaptive distance measures show a better perfieeritaan non- adaptive versions.
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3. The eigenvalue spectra
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Figure 7: Visualization of the global relevance matrix aft®00 epochs of LVQ-Trainingith adaptive metrics
(a)Diagonal elements and  (b) eigenvalues

We compare the eigenvalue spectra for matriceslefyances obtained from our algorithm with thossrir
GMLVQ training with identical initializations anakarning parameters. Our results (Figure 7) conspquéite
well with that of GMLVQ [2]. These visualized mateis were obtained after 1000 epoch. Figure 7 (hgates
that feature/dimension 16 in the original featupace is the most important/relevant. This resulalso
consistent with that of GRLVQ training that weightee same dimension as most important under similar
learning settings.

4.2 Application to Facial Recognition

The algorithms were also evaluated on face recognitiata obtained from AT&T image repository. Face
recognition is a form of biometric identificatioBiometrics is concerned with development of aut@danhethods
for recognizing individuals based on their uniqueygical or behavioural characteristics. The idgntf an
individual is determined by using facial featureseasential elements of distinction. The way weratt with other
people is firmly based on our ability to recognikem (Figure 7). Automated face recognition, unlikéumans, is
not a trivial task. One of the main aspects ofdhidentification is its robustness. Least obtresdf all biometric
measures, a face recognition system would allovser to be identified by simply walking past a sillaece
camera. Robust face recognition scheme require Ibetidimensional feature representation for datame@ssion
purposes and enhanced discrimination abilitiesstdrsequent image retrieval. The representation adsthsually
start with a dimensionality reduction procedurecsithe high dimensionality of the original visuphse makes the
statistical estimation very difficult and time cansing. Often, Principal Component Analysis (PCAuged in pre-
processing steps for characterization of humansfaB€A, also known as Karhunen-Loeve (K-L) or egparte,
seeks the direction in the input space along wingdst of the image variations lies. This approadiuces the
dimension size of an image greatly. In image prsiogs processed images of faces can be seen ags/@diose
components are the brightness of each pixel. Theemlion of this vector space is the number of pix&he
eigenvectors of the covariance matrix associatetlltyge set of normalized pictures of faces allec¢@igenfaces;
this is an example of principal components analyBiey are very useful for expressing any face enag a linear
combination of some of them. In the facial recagnit eigenfaces provide a means of applying datapcession to
faces for identification purposes.
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Left: Testimage
Right: Match returned by the recognizer

AR

Left: Testimage
Right: Match returned by the recognizer

Left: Testimage
Right: Match returned by the recognizer

Left: Testimage
Right: Match returned by the recognizer

Fig 7: Samples of images (rescaled for clarity) used énsticond set of experiments. The left column shbegigenfaces
for the selectedsskes used as training examples, and the right cobemtains respective displays of the results sifrtg
the recognizer arseen instances. The crossed images indicatm#igeiinstances that were removed from the pool and
kept aside as tagtges.
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Left: Testimage
Right: Match returned by the recognizer

Fig 8: An example of incorrectly recognized eigenfaces

The AT&T facial data set used in our second sedxpleriments consisted of 400 grey scale imagesiwian faces
of 40 individuals; each having 10 instances in)(tdifferent poses [Figure7, 8]. 30-dimensional eifeces were
obtained from the down-sampled 38 by 31 imagesguBirincipal Component Analysis (PCA). For trainiagd
testing purposes, the 30-dimensional 40-class irdatge set was partitioned into two disjoint suhs2s® images for
training and 120 images for testing. Every clasgt@ios an equal number of instances in the sulitipag. Testing
of recognition ability in the 40-class scenariodtwed presenting to the recognizer a face fromrasean pose. (The
test instance must be of one of the 40 individuaigourse).

4.3 Further Enhancements: Energy-based Classificath

We could also perform so-calleshergy-based classificatiasf a novel/test instancg, in LMNN, as explained in
[4], by finding a class label that minimizes thesttdunction given in section 2.3 of this paper. Fomgiven
hypothetical labe$, , the squared distances to the nearest neighbours of, that share the same label in the
training set are accumulated (corresponding tdfitketerm in the cost function). The hinge losepall pairs of
differently labelled examples that result from lding X, by S, is also accumulated (corresponding to the second

term in the cost function). Finally, the test exdenpas classified by the hypothetical label thahimized the
combination of these two terms:

y,=argmin [ij”L(Xi-Xj)Hz +C [ij(l'sn)[l"'”I—(Xi'Xj)”2 - [ILCa- x) [P

vi jai=tli=t
This modification yielded lower test error compaweith the non-energy based scheme. The test eftbed MNN
energy-based classification on the UCI image segmtien data was found to be less that thenon- energy-based
classification. The adjustment registered 3 percent reduction s éeror from the 14 %, and about the same
percentage for training error. (section 4.1, experit 2).

Discussion

This study focussed on metric adaptation in LeayMector Quantization classifiers based on sucakagilication

of optimization methods for learning appropria@nsformation matrices ik -nearest neighbour classification. The
relevance learning method requires training dath@snly key stimuli, and the resulting intermeeifunctions take
advantage of distance-based similarity measurdeid yrelatively) near-optimal classifiers. We demtrated the
efficiency of the model using image segmentatiomadand compared the results with some of the known
(benchmark) classifiers. It has been noted thatopype-based learning algorithms have the advanthgeéelding
very good generalization ability for high dimensabdata. Moreover, some of these claims and ob8engacan be
supported theoretically, that is, the generalizatiounds can be derived (usually for not so compégiants). For
example, such a proof [17] for the case of thedB¥IQ networks using the standard Euclidean meti®als that
large-margin generalization bounds of the algortheme independent of the input dimensions. The terargin’
refers to the security of the classification, tlee distance of a given data point to the clas#ificm boundary [2].
Generalization bounds for LVQ networks with Euclidemetric adaptation (adaptive diagonal metricctygr
speaking) has also been derived [18]. Interestjnglgults indicate that these learning algorithnterently aim at
margin optimization during training. Our challerniggherefore to carry out similar proofs for themnoecent LVQ
extensions, such as those involving full adaptivarix, so as to provide rigorous theoretical treatimof some of
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these heuristically-motivated ideas. We will ledkie derivation of the generalization bounds for tM€) variant
that has been the focus of this study for futunel st

We concentrated on extending the concept of matiaptation by convex optimization frok-NN to the simple
LVQ 1 algorithm which uses crisp or hard labellikgurther improvements could be realized by comigjrfuzzy

labels with relevance learning — adaptation of stdts labels to indicate responsibility of coddbgector W to

classC (i.e. data-driven assignment of prototypes ®d¢lasses). The complexity of relevances can baated

by regularization of relevance learning. Furtherearear-optimal classifiers could be realized bieeding these
concepts to more advanced variants of the learaliggrithms. One can also replace the barrier fonamm the non-
linear programs by several others that result itiebevorst-case complexity estimates. Such a tecknicould
emulate Nesterov and Nemirovsky’s [28] methods thedrporate generalized Vaidya's volumetric anthicimed

volumetric barriers to the cone of positive senfisde matrices. There is need to investigate whethere exist any
experimental results that indicate whether thegeraved barrier functions are better in practicenttiade standard

barrier log(detf (X)) [9]. Overall, we have shown that metric adaptativa semi-definite programming can
improve classifier performance greatly.
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Appendix

Writing | = WV\T ,whereL isan N~ N full matrix accounting for the correlations betwebe pattern features

(L being positive semi-definite), andvis an arbitraryN "~ N real matrix, then, the transformed distance metric
becomes:

d“(w,x) = (x- w)"WW (x - w) = (W (x- w))*3 0

Note that sincel is positive semi-definite symmetric matrix, therdtn be written as a square of a matkix[ Wis
not uniquely defined in generall. has N(N + 1) /2independent entries. We can therefore assume, wtitbss of

generality, thatWitself is a symmetricN~ N matrix with W=W That is, in the following derivation,

W corresponds to the unique positive root of the ixéitr.
The adaptive distance function thus becomes,

d"(w,x) = ) (x:- Wi)VVikaj (Xj' Wj)

ijk

The adaptation formulae are obtained by computiegderivatives with respect v and W. The derivative of
d"(w, x) with respect tow yields:
N,d" =-2L (x- w) =- 2WWx - W)

Derivatives with respect to a single elemd give:

Td*

"W = | (- W)W (- wy ) + j (- WOW, (X W)
= (2= W)W - W)] + (¢ W )WY - ),

where subscript$, Mspecify components of vectors.

Therefore, the update equations for the correch&ipwrong winner and the relevance matrix, respelgt are (1),
(2) and (3) below. f is the leraning rate).
Dw, =A.f (mx)).mf (x) WW(x - w,) (1)
Dw, = - A.F (1X)).17 (X) WW(x - W, ) 2)

| 71 00 TWOX - W, )]0 W)+ WX Wy )l (W )
DW= -hf (n(x)). . 3)

C 7T )W - Wy )] O - Wy )+ T - W )] (X W, 1)
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